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PID control loops with time delay are characterized by infinite number of poles but the pole assign-
ment technique for adjusting the controller parameters can be applied to placing three poles only. The
dominance of these poles is therefore an essential condition for this application. A novel approach to
this problem involves applying dimensional analysis theory to obtain a generalized model of the control
loop and then to perform a parameter tuning for its dimensionless representation. A one-row dimensional
matrix results from the assumption of the usual dimensionless interpretation of both control error and
actuating signals of the controller. Dimensionless similarity numbers of the so-called swingability and
laggardness are introduced to specify the plant dynamics in the controller synthesis. A trio of numbers is
assigned to become the dominant zeros of the characteristic quasi-polynomial of the control loop and the
corresponding PID parameter adjustment is derived in the form of uniform formulae. The tuning of the
proper damping and the real pole position ratios is provided by means of an IAE optimization technique.
A dominance degree notion is introduced and an argument increment criterion is proposed to check the
dominance of any of the pole placement cases. The quality of the disturbance rejection response is taken
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1. Introduction

Pole assignment is a widely used approach to the state space sys-
tem design thatis also applied in methods for tuning the controllers.
For tuning three PID parameters just three poles of the control loop
are suited to be assigned and with regard to this any assumptions
of rather sophisticated or higher order process models turn out to
be inadequate. On the other hand, as a matter of fact, the time delay
effect can be viewed as a common process property which, how-
ever, leads to infinite spectrum of control loop poles and to a need to
investigate their dominance as a crucial issue in the pole placement.

The dependence of the dominant pair of closed-loop poles on the
controller parameters was first investigated by Hwang and Chang
[1] by means of the Taylor expansion about the critical gain. Instead
of dominant the term “leading poles” was used in this paper. Dom-
inant pole placement design was introduced somewhat differently
by Persson and Astrom [2] and was further explained in Astrom and
Hagglund [3]. Atabout the same time Hwang and Fang [4] published
an extensive optimization study on dominant pole placement for
first and second order time delay plants. Numerous methods with
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modified specifications of tuning conditions were presented sub-
sequently and a survey was made by O’'Dwyer [5].

Applying the pole assignment approach to systems with delay
(i.e. with infinite spectrum of poles) has led to the specific problem
of how to select a proper prescription of the pole positions in order
to obtain capable candidates of dominant poles that really do deter-
mine the behaviour of the system. Any pole placement in a time
delay system is always connected with the risk that although the
prescribed poles are achieved in the system spectrum they may lose
any meaning because some other poles spontaneously take over the
dominant position in the infinite system spectrum. Consequently
any result of a pole assignment of this kind can be approved as
valid only after checking that the placed poles really have reached
the dominant positions. To the best of the authors’ knowledge no
general theorem is yet available that guarantees in advance that a
chosen prescription of poles for a time delay system will reliably
result just in the group of system dominant poles.

The pole placement approach in a control loop with delay is to
be considered only for placing a small group of dominant poles -
either a complex conjugate pair or a three-pole group, usually one
pair with a real pole. The key issue of selecting the prescribed poles
in a way that guarantees their dominant position was investigated
by Wang et al. in [6]. Because of the number of three controller
parameters only the three-pole option p; 3 3 can reasonably be pre-
scribed in assigning the poles for tuning the PID controller for a time
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delay plant. However, in a considerable number of papers the dom-
inant pole placement in PID tuning has also been considered for a
single pair of complex conjugate poles p; , = —a £j£2, « >0, assigned
to take up the rightmost position in the system spectrum and satis-
fying an additional requirement of a specified frequency response
for control synthesis. Various combined strategies have been pre-
sented, e.g.in[7,8] or [9]. The case of placing three prescribed poles,
a complex conjugate pair p; > and a real pole p3 = —f as dominant
was solved by Hwang and Fang [4]. A guarantee of dominance
in the pole placement based on the root locus and Nyquist plot
applications was presented by Wang et al. [6]. The dominant pole
placement may also be performed in an iterative way, as a series of
attempts that shift the prescribed poles to the left as in [10], or a
modified optimization in [11].

The rest of the paper is structured as follows. The dimension-
less description of the control loop is introduced in Section 2 and
an ultimate angle as similarity number for the critical control set-
ting is presented in Section 3. Section 4 presents explicit formulae
for setting the dimensionless control parameters for various types
of plants, and Sections 5 and 6 deal with the issue of the pole
dominance, in the former by means of an argument increment con-
dition and in the latter via an IAE optimization technique. Sections
7 and 8 present an application example and concluding remarks
respectively. A brief appendix is added concerning the issue of
dimensionless model identification.

2. Control loop dimensionless representation

Although dimensional analysis originated and is typically applied
in other fields of science it also has a potential in investigations
of the control system dynamics [12]. So far the benefit of the
dimensional approach to control system design has been limited
to specific control areas, where various dimensions of controlled
and actuating variables can be considered, as e.g. in the vehicle
control [13]. Our aim is to investigate the relationships between
the PID controller settings and the control loop dynamics in gen-
eral. As to the dimensional analysis technique presented here we
follow the monograph [14] but at the same time we revere the
concept commonly accepted in the control science that the par-
ticular physical variables of both the plant output and input are
represented in controller operation by signals expressed as per-
centage of the control instrument’s range, i.e. commonly conceived
as dimensionless variables. Due to this established concept of con-
trol theory a consideration of physical dimensions in terms of mass,
length, force etc. turns out redundant and nothing but time remains
from the basic dimensional SI units for dimensional investigations
in control loop dynamics. The fact that nothing but time and fre-
quency dimensions and their powers may appear in the dimensional
set of any control problem as soon as we accept the assumption
of dimensionless controller input and output significantly simpli-
fies the dimensional analysis considerations. The key concept in
applying the dimensional analysis consists in selecting the rules of
dimensional similarity and in formulating the relationships between
the derived dimensionless variables as it follows from the general
well-known Buckingham theorem.

In investigating the dependence of the dominant closed loop
poles on the Pl or PID controller parameters it has already been vali-
dated that higher order plant models are not necessary for ultimate
frequency based methods of controller tuning [1]. In the present
work we consider a linear plant described by a second order differ-
ential equation with an input delay

d?y(t dy(t
d{g ) +a; % + agy(t) = Kagu(t — 1),
a; >0, a>0, K+#£0, >0 (1)

able to express the dynamics of a rather wide class of stable pro-
cesses free of the non-minimum phase zero effect. The special case
of the integrating plant with ap=0 will be introduced later. The
considered control loop is completed by the ideal PID controller
described by the equation

dt ~ %t TP

where e is the control error, e=w —y. As noted above, if y, u,wand e
are considered as dimensionless the coefficientsin (1) and (2) are of
dimensions given only as time powers. These five coefficients pri-
marily belong into the dimensional set of the control loop, namely:
rpls], ri[s~1], a1[s~1], ap[s~2], T[s], Dimensionless parameters K and
ro need not necessarily be included into the dimensional set. On
the contrary, due to the derivatives in (1) and (2) time t is dimen-
sionally significant variable in the dynamic considerations and as
a decisive dynamic parameter of the control loop the ultimate fre-
quency wi[s~1] of plant (1) (at which the relay feedback control
loop oscillates) is to be considered in the relevant dimensional set.
Then the following one-row dimensional matrix with seven rele-
vant variables (ny=7) and one basic dimension [s] of SI (np=1) is
obtained

+ e (2)

Wy p 1 a

D= [-1, 1, -1, -1,

a t T

2 1 1] [s]

(3)

Unlike the usual dimensional matrices, e.g. in hydrodynamics
or thermodynamics the usual rows for length, mass or temper-
ature are missing here. For the integrating plant with ag=0 we
set by instead of ag into D. As to the order of variables in D, wy
as the dependent one, is in the leftmost position and the delay as
the crucial factor in the controller setting is in the rightmost posi-
tion. The set of six dimensionless variables corresponding to this
dimensional set results from the following Lemma.

Lemma 1 (.). Consider a PID control loop composed of (1) and (2)
with the relevant dimensional set given by matrix (3). Then there are
six mutually independent dimensionless parameters w; i=1,2,...,6
in case of ap >0 given by the following relationships to the original
variables

p

T = Wi T, 7T2=?, T3 =17-T,

6= = (4)

while for the case ag=0 the fifth parameter is substituted by
7'[51=b0-‘l,'2.

Proof. The one-row type of D considerably simplifies the search
for the dimensionless arguments expected in the generic form

T = (,()k‘sl TDSZ r,$3a184a0‘95 té6 767 (5)

Due to the only one row in D (np=1 and rank[D]=1), the
expected number of dimensionless arguments is relatively high,
Ng=ny—np=7-1=6. As in [14] these arguments are found using
the augmented matrix equation

&1 &1
L 0

21 _1%2] ) Kex6), 06x1), B(1x6) (6)
B, Al | . .

&7 0

where [B, A]=D. In fact, the set (6) represents only one linear
equation for seven unknowns and hence it allows six solutions
independent of each other. To facilitate the procedure five expo-
nents of seven may always be fixed to zero in each of these options
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and in this manner the following six pairs of nonzero exponents are
obtained. Inserting these exponents into (5) the following dimen-
sionless parameters result

1. For ¢1 =1 and 82,3.4!5’620—>£7=1—>T[1:a)kf
)
2. For &5 =1 and 81,3,4,5,6=0—>87:—1—>712:7

3. For e3=1 and €132456=0—->¢67=1->m3=17-7

(7)

4. For 84:1 and 81’2’3’5,5:0%8721 —> T4 =01-T
5. For e&5=1 and &13346=0—¢67=1— 75 =ag - 72
6. For eg=1 and €1,345=0—>¢67=-1->mg=t/t

equal to those in (4). Apparently 74, 5 belong to the plant, 75, 73
to the controller, while g and 71 take over the roles of time and of
the ultimate frequency respectively. The substitution of 75 by 75,
in the case ag =0 is obvious. Of course, the obtained introduction of
w;,i=1,2,...,6is partly dependent on the chosen variable order in
D, particularly alternating the rightmost element in D would lead
to various sets of dimensionless parameters.l

The prime importance of the obtained dimensionless parame-
ters consists in defining the dimensional similarity according to the
Buckingham'’s theorem. As to the plant, for instance, if we substi-
tute 74, w5 and g = finto (1) instead of ag, ay, T and ¢, the following
dimensionless equation is obtained if ag # 0

. -

I 4 0 D8 4 stsy(®) = Kmsu(E - 1),

w4 >0, m5>0, K+#0 (8)

and the following Corollary holds.

Corollary 1. Consider a pair of plants, Aand Basin (1) whereag # 0

with parameters a4, aga, T4 and a;p, dgg, Tp satisfying the conditions

Ka = Kp,
9)

with the same values of 4, 75 and K for both A and B. Then both
these plants are described by an identical dimensionless model (8),
common for them, which leads to the same solution y(t) for both
A and B. and due to this property these plants are referred to as
dimensionally similar.

2 2
TAA=01ATA=TT4 = A1BTB, TT4A = ApATH = T4 = AoBTg,

Proof. Since the statement is a direct consequence of the Buck-
ingham'’s theorem [14] the proofis omitted.®

For example, if the plants A and B of the form (1) have the param-
eters a4 = 0.7, dpa = 0.1, K= 2, TA =4 and a;p=3.5, doB = 2.5,Kg=2,
Tp =4, respectively their dimensionless parameters are of the same
values K=2, m4=2.8, m5=1.6. These plants are dimensionally simi-
lar because they are described by the same common equation (8)
common for both of them. For example their step responses are
therefore identical curves if they are plotted in the time scale of ¢, i.e.
t =t/4forAandt = t/0.8 for B. Obviously yet infinitely many plants
like (1) may become similar with A and B if their dimensionless
parameters are also equal to K=2, w4 =2.8, m5=1.6.

Fusion and final form of dimensionless parameters. Although the
plant dimensionless parameters 4 and 775 are correct as to the the-
ory of dimensional analysis their drawback in describing the similar
plants is that both of them primarily indicate rather the delay of the
plant response while none of them indicates the other plant prop-
erty — the character of system (1) poles. For a better distinguishing
this property of the plant let the following fusions of 74 and 75 be
introduced
=B R

2 - 2
T

for ap >0 (10)

Parameter A is suitable to discriminate the nature of the plant as
to its poles. It indicates a plant with two real polesif 0 <A <1/4 and
a case of complex conjugate poles if A >1/4, when ag > 0. The case
of ap =0 (i.e. A; instead of A) belongs to the integrating plant when
one pole is zero. Due to the relationship of A to possible natural
oscillations it will be referred to as the swingability number of the
plant. On the other hand parameter 5 indicates to which extent
the plant response is lagged and therefore w4 =9 will be referred
to as the laggardness number and the dimensionless plant equation
will then be further considered in the form

d2y(t) dy(t)
- =
dt? + dt

>0,

+ 92ay(t) = K% hu(t — 1),

A>0, K+0 (11)

Furthermore, in investigating the control loop dynamics it is
not necessary to distinguish between the gain K of the plant and
the controller gains. Therefore K may be fused together with ry,
75, 3 to result in the loop gains for proportional, derivative and
integrating actions respectively,

roK = po, 73K =p;, mK=pp (12)

A specific meaning has the dimensionless parameter 1 =@ T.
It represents an angle appropriate to both the ultimate frequency
and the delay of the plant, therefore it will be referred to as ultimate
angle @, w1 =wy,t=®). The original set (4) of six dimensionless
parameters (or similarity numbers) applicable for the plants with
ag >0 is then defined as follows

T =T =Py, mK=pp, mK=p, mws=7,
T[—g:)\,:a—g, 7'[6:['/7.' (13)
2 a?

Another kind of second-order dimensionless time delay model
than (11) is proposed in [15] assuming a possibility of non-
minimum-phase character due to transfer function zero but
excluding the oscillatory type of behaviour.

The special case ag =0, i.e. the integrating plant necessitates an
essential modification of swingability number A. Unlike (1) the
plant model is considered in the form y”(t)+a;y’(t)=bou(t) and
instead of A the following similarity number

a; >0, bg>0 (14)

o
aq 2’
is introduced. In contrast to A parameter A; has no connection with
oscillations, it represents aratio of both exponential and integration
time constants. The corresponding dimensionless modification of
(11) s as follows
dy(E) | 4 dy(D)

S
o H O = 0P hu( - 1),

>0, A >0 (15)

3. Ultimate angle to swingability and laggardness
relationship

Although the range of plants that can be satisfactorily PID
controlled is limited the surprising versatility of this controller
principle has undoubtedly been proved in its implementation. The
close relationship between the ultimate gain and frequency and the
PID controller setting is well known and particularly the assess-
ment of them by applying the ideal relay feedback has led to the
contemporary wide application of this approach [3]. With regard to
dominant pole placement, it is important to notice that the ultimate
frequency wj determines the bounds within which the attainable
natural frequency of the control loop can be considered.
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To determine the ultimate gain and the corresponding ultimate
frequency for the plant (11) we need to get its characteristic equa-
tion. With regard to the introduced time ratio t = t/7 in (11) the
adequate modification of the Laplace transform operators — § = st
is adopted. Assuming there exists a feedback proportional gain Kj,
added in (11) the following characteristic equation is considered

52 4+ 95 + 92X + K92 AK; exp(—5) = 0 (16)

As it resulted from the set of dimensionless parameters (13)
the ultimate angle, @) = wy, is the selected similarity number for
the ultimate frequency. According to the Buckingham’s theorem a
dimensionless relationship has to exist between @ and the param-
eters v, \, K.

Theorem 1. For any pair of the similar plants (11) with the same
¥>0, A >0, Kit holds that their ultimate angle ®,, is also the same and
satisfies the equation

Lo
tan & = W — D = Dp(A, B) (17)
Proof. If the ultimate gain K, in (16) is adjusted then the stability

margin is reached and undamped oscillations at frequency wy, arise.
The dimensionless Laplace operatoris s = jw, T = j®; and therefore
the following condition is obtained from (16)

— @2 + 9P, + 924 + KO? MK, exp(—jPy) = O (18)

which after decomposition results in two following equalities of
the real and imaginary parts, i.e. K2AK cos @, = P2 — 192, and
K92 )\K;, sin @), = 9®,,. The ultimate gain K}, K and 921 on the left-
hand sides can be excluded by means of evaluating the tangent
function of @, and Eq. (17) is obtained where the ultimate angle
as @y, = @(A, ¥) can be determined from. The ultimate angle @, is
dependent only on A, ¥, the influence of K is cancelled. Owing to the
periodicity of the tangent function equation (17) admits infinitely
many real solutions. However, with respect to both the periodical
character of tangent function and the physical meaning of the ulti-
mate frequency only the smallest of the positive roots @, of (17)
can represent the ultimate angle and consequently the ultimate
frequency wy as well. B

When investigating the function @), = @, (2, )it should be noted
that in fact the value of the laggardness number ¥ can fall only into a
rather narrow interval, approximately < (0.5, 3 ). The upper bound
of this range is to exclude too large delays. The values ¥ <3 would
bring about a situation when the classical PID controller feedback
action unavoidably comes too late to compensate the impact of dis-
turbances and obviously it is meaningless to deal with such options.
More sophisticated control strategies than PID are to be applied in
such cases. The lower bound of ¥ prevents model (8) from its appli-
cation to a plant with too small delay. Too small value of ¥(# < 0.5)
indicates that the delay is a marginal property of the plant and then
it is suitable model (8) to replace by a delay-free model.

Also the values of the swingability number A are to be limited.
The upper bound A <2 is considered to exclude the plants with
excessively weakly damped oscillations which are not the object
of investigation here. On the other hand, the case of the integrat-
ing plant, ag=0, needs to apply the special A; according to (14).
Due to the missing term agy the relationship for the ultimate angle
@, simplifies itself to the form: tan @, =¥/®, independent of A;.
By the way, note that this form is also equal to the limit of (17) for
A — 0.0wing to the constrained values of A and ¢ the values of ulti-
mate angle @, = @(A, ¥#) are also from arelatively narrow interval. If
¥ (0.5,3) and A€ (0, 2) are considered then it holds that &< (0.6,
2.6) approximately. A three-dimensional plot of @, =®(A, ) is in
Fig. 1.

Fig. 1. Dimensionless relationship of ultimate angle &, on X and .

4. Three-pole placement by setting PID control loop
parameters

Only three of the seven dimensionless variables introduced for a
delayed PID control loop are independent, namely ¢, A as dynamical
specification of the plant and t. The remaining four are dependent
on them as it results from the Buckingham’s theorem and the first
of these relationships we found as (17) for @,.. The remaining three
dimensionless relationships for pg, pp, p; are covered in this sec-
tion. This intent is consistent with the aim to place just three poles
D1,2,3 of the loop and as in the previous considerations it is nec-
essary to distinguish the case of integrating plant, ap =0 from the
standard options of the plant, ay > 0.

An intuitive dimensionless approach to dominant three pole
placement in PID control loop was already proposed by Hwang [16],
although the delay effect was not explicitly considered and w/wy
was used as the primary independent variable. The idea of dom-
inant pole placement itself was introduced by Hwang and Chang
[1] where it is documented that the closed loop response is pri-
marily dominated in most of PID control systems by a trio of poles:
a complex conjugate pair and a real pole.

For the next consideration suppose a time delay plant in the
dimensionless form (11) with A >0 and a PID controller as in (2).
After applying the dimensionless parameters from (4) and (13) this
controller is described by the dimensionless equation

2
K%=po%+p0%+me (19)
where pg, pp, p; are the dimensionless gains of proportional,
derivative and integration actions respectively, oo =Krg, pp = K%,
p1=Kzry, and e is the control error.

Basically the pole placement is a matter of forming the char-
acteristic quasi-polynomial of the control loop. After joining up
the plant (11) with the controller (19) the third order differential
equation of the control loop is obtained and in cases with ag >0 its
dimensionless characteristic quasi-polynomial is of the following
form

M(3) = 53 + 952 + 925 + exp(—5)92A[ pos + pp52 + pi] (20)

where none of the coefficients is zero. In Section 2 we found that
the similarity of PID control loops composed of (1) and (2) is associ-
ated with the dimensionless parameters ¥, A, pg, op, o and now we
see that in the case of the same values of these parameters quasi-
polynomial (20) is also of identical form for different but similar
control loops. Quasi-polynomial M(3) then gives a uniform descrip-
tion of all the dimensionally similar control loops with the same ¥,
A, Po, Pp, o1 When ag > 0.
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Remark. Assume a group of dimensionally similar controlled
plants (ag >0) as in (11) with identical values of #, \, K. If their par-
ticular PID controllers are set so that their dimensionless control
loop parameters pg, op, p; are of the same values for each consid-
ered case then the responses of the control loops are identical when
plotted in the time scale of their common dimensionless time t
since the dimensionless model of all these control loops is identical,
i.e. common for all of them.

The similar plants have not only the same laggardness and
swingability numbers, due to (17) they also have the same ultimate
angle @,. In the next we will show the PID loop parameters pg, pp,
pr as dependent on 9, A, @, but just due to (17) their dependence
only on ¥ and A is to be considered. The main benefit of using the
dimensionless parameters is that each of the dynamically similar
control loops will result in the same quasi-polynomial (20). There-
fore not only all the dimensionless parameters 9, A, pg, Pp, o1 but
also all of the infinitely many dimensionless poles of M(5) spectrum
are identical for any of dimensionally similar control loops.

The aim of the next considerations is to prescribe certain three
numbers pq 3 as desirable dominant zeros of M(3). The close
coherence between the ultimate frequency and the most natural
frequency of control response is well known and the option £2 = w),
is commonly used as a rule of thumb by Hwang and Fang [4], or
Astrom and Higglund [3]. The relationship between the prescribed
frequency and w; was also applied by Wangetal.[17]. Any attempts
to make 2 substantially higher than w; unavoidably lead to the loss
of dominance for the prescribed pair and §2 substantially lower
than w results in a groundlessly sluggish response. Hwang and
Fang [4] made a thorough search for IAE optimum placement of
three poles with the imaginary part £2 € (0.9 — 1.1 ) w, of the com-
plex conjugate pair. With regard to these results we prescribe the
natural frequency 2 of the control loop just equal to the ultimate
frequency wy, i.e. the ultimate angle @, = ;T as the imaginary part
of p1,2 in the case of dimensionless description of the control loop.
Therefore we choose the following three numbers

P12=(-86£))Py, P3=—-k6Dy (21)

as the prescribed dominant zeros of M(5), where § is the damping
ratio of p1 7 and « is the root ratio « = |p3|/|Rep1 2|. The following
theorem holds for the relationship between these three poles of the
control loop and its three control parameters pg, Pp, O].

Theorem 2. Consider a class of similar control loops with a common
characteristic quasi-polynomial (20) with A >0 and three numbers
D1,2,3 as in (21) selected to become the zeros of M(3). Let the ratios 8, k
be considered as parameters to be selected later. If p1 2,3 are assigned
as M(3) zeros (so far without guaranteeing their dominance) the con-
trol loop parameters pg, Pp, p; are to be adjusted on the values given
by the following explicit formulae

B]7 _(] _52)s 1

1
L E— —28, 0 (22)
TP e
Bg, K282, 1
_57 B]a 1
1
= 1, By, O (23)
= [1+820c— 177] 2
—K6 B3, 1
-8, —(1-8%), By
Dy
. SE—— 26, B (24)
o k1) g

—K(S, K282, B3

where
B; = exp(—8®y,)[bg cos @, — by sin @], (25)
By = exp(—8®)[bg sin @y + bj cos D], (26)
1
B3 = exp(—«8Py,) | k8 — WKZSZQ);{ +— M}2 K383, } , (27)
b =8+ ——(1— 8Dy — —— (36 — %) (28)
R a0 m2 ko
1 2
by = —1+ 55260 + wz(l -382)®,° (29)

Proof. After inserting p; = (—8 +j)®; into equality M(3) = 0 and
dividing by exp(—3)©2A we obtain

Po(—8 + )Py + pp(8® — 1 - j28)B,* + pi

=exp(—8Py)(cos Py +jsin Dy,) [(8 J)¢k+ (1—82 +j28)®,>

AD

wz(% 53 —j(1—382)®, } (30)

Using the expressions bg and b; given in (28) and (29), the real
and imaginary parts of B, respectively, may be expressed as follows
Re(B) = B1 @}, = exp(—8®,,)[bg cos @y — by sin @}, | Dy, a1
31
Im(E’) =B, Cbk = exp(—(S@k)[bR sin @k + b[ cos ¢k]¢k

Inserting the third pole p3 = —k8®, into M(5) = 0 we obtain

1
ok + pp(kEPy)’ + pi = exp(—kdP) | KOPy — 5 (kOPy)*

b (kBB ’| (32)

From (30) and (32) the set of equations A-P=B results with the
following matrices

8B, —(1-8) %, 1 Po
A= | @, —28®,2, 0|, P=|pp (33)
k8D, (K8 D2, 1 o1

[ Dy exp(—8Dy)(bg cos Dy — by sin D)
B — | Pxexp(—3P;)(bgsin @y + by cos Py)

Dy exp(—kdPy) | kS — —(Kﬁ) D+ —(KS) }

AD2

C BB,

= | ®B, (34)
| PiB3

If the solution of the set A P=B, is performed and reduced by
the powers @3, @2, ®,3 in fractions for pg, pp, p; respectively,
formulae (22)-(24) are directly obtained.®

The results (22)-(24) lead to an important conclusion. If for
two plants with the same A, ¥ the same zeros p; 3 3 of the general-
ized M(3) are prescribed then also the same generalized PID control
gains po, Pp, pi lead to achieving them. However, as we expected
above only a selection of certain specific suitable §, k can match
the pole placement aim, i.e. p1 » 3 actually become the dominant
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Fig. 2. Control loop proportional gain setting for k=1.3 and §=0.35 (ap > 0).

poles of the particular control loop. Therefore a means for testing
the dominance of the placed p; 3 3 is necessary in any application
of (22)-(24). This task is solved in Sections 5 and 6.

The control gain setting given by (22)-(24) holds for all the con-
sidered plants when ag > 0. As we saw in the previous sections the
case of the integrating plant with ap=0 is to be treated with the
modified dimensionless parameter A; = bo/a% instead of A. In the
quasi-polynomial M(5) the s term is missing and instead of (20) the
following form is to be considered

M(3) = 53 + 952 + exp(—=3)92At[ 005 + op3% + o1l (35)

It is easy to see that the modification of Theorem 2 for the case
ap =0 is only slight. First Eqs. (22) through (26) do not change at all
and also matrix A remains the same. In Eqs. (27)-(29) the terms 6,
§ and —1, respectively, are omitted, and A; is substituted instead of
each A. However, the values of pg, pp, p; obtained from this mod-
ification are different from those we obtain from (22)-(24) for the
lowest values of A, i.e. any consideration of A — 0 in the mentioned
formulae, as in (17), leads to division by zero, i.e. is meaningless.

The relationships in Theorem 2 contain five input variables,
where due to (17), @, = P(, A), only four of them, namely o, A, k¥
and §, are mutually independent. If then the root and damping ratios
K, 8 are considered as fixed constants, the control loop parameters
00, Pp, P can be viewed as dependent on the plant parameters ,
A only and can be displayed as 3D graphs. For the option of fixed
k=13 and §=0.35 and A, ¢ ranging from 0.1 to 2 and from 0.5 to
3, respectively the settings pg, op, p; obtained from (22)-(24) are
displayed in Figs. 2-4 for the plants with ag > 0. For the same option

Fig. 3. Control loop derivative gain setting for k=1.3 and §=0.35 (ap > 0).

Fig. 4. Control loop integration gain setting for k=1.3 and §=0.35 (ao > 0).

Fig. 5. Proportional gain setting with integrating plant for k=1.3 and § =0.35.

of k=1.3, §=0.35 and for the same range of ¥} and A,, the settings
for integrating plants with ap =0 are in Figs. 5-7.

In Figs. 2 through 7 there is apparent the benefit brought about
by the use o the similarity numbers. Into these graphs we have
summarized all the pole-placement-based settings of PID control
loops whose plants are identifiable with model (11) or (15). On the
other hand, let be emphasized that formulae (22)-(24) have been
obtained without any regard to the actual evidence of p;, p2, P3

20 o

151
Pp

104

Fig. 6. Derivative gain setting with integrating plant for k=1.3 and §=0.35.
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Fig. 7. Integration gain setting with integrating plant for k=1.3 and 6 =0.35.

dominance. If some improper values of k, § are prescribed the appli-
cation of these formulae would lead to unacceptable settings owing
to the loss of dominance. That is why the dominance must always
be tested and its proof is the main issue of the rest of the paper.
However, in spite of this problem the reader may rest assured that
all the settings displayed in Figs. 2 through 7 correspond solely to
dominant pole placements. During the simulations each of them was
tested by the proofs presented in the next two sections.

5. Argument increment based test of dominance

Any of the poles p; 3 cannot be validated for the controller
tuning (22)-(24) before a verification that they really assume the
dominant position within the spectrum of the considered control
loop. The dominance of pj » 3 is inevitably connected with their
unambiguously rightmost position within the whole control loop
spectrum. On the one hand it is possible to compute a sufficient
set of the rightmost poles by means of a root-finder tool [18]. But
on the other hand the prescribed roots p; 3 are already given -
only their sufficiently separate position to the right from the rest
of the spectrum is to be checked for a large number of the control
loop options. That is why the following dominance check of p; >3
is proposed.

Lemma 2. Consider the characteristic quasi-polynomial (20) of the
PID control loop and let § be fixed to the straight line L, s = —£®, + jip,
parallel to the Im axis, where & > k8. If the argument increment of M(3)
along L from the starting point M(—£®;,), (¢ = 0), for ¢ growing from
zero to infinity, ¢ — oo, reaches the following limit

. - T
Jggo AargM(8)s——gp, +jp = 35 (36)
then the whole rest of M(5) spectrum except D1,2,3 lies to the left of
the straight line L.

Proof. Assume that only the poles p; ;3 lie inside a region as in
Fig. 8 enclosed by a Jordan curve composed of

e a circle-arc C of radius R, § = Rexp(jy), where ¢ ranges from
—7m[2 -y to /2 +y, where y =arcsin(§®y/R),

e and a straight line L, 5§ = —£®; + jo, & > k4 parallel to the imag-
inary axis where ¢ ranges from —R cosy to Rcos"y.

If just only pq 2 3 of M(5) zeros are enclosed by C and L the total
argument increment along C and L has to be 6. To evaluate this
argument increment by parts for C and L let M(5) be factorized as

SO

>

Fig. 8. The Jordan curve for the argument increment test.

follows

M(E)=53m(s) = 3 {1 + g +

3 e
(37)

UESN -
= +exp(fs)02)\ (% + £D PI)

For the first factor §3 the argument increment along C is obvious

- . b4
?argM(R exp(jy)) =6 (f + y) (38)

where y approaches zero for R— oo, and therefore the limit of

this increment for R— oo is 3. For the second factor m(s) with

5 = Rexp(j¥), the values of each of its terms except 1 are vanishing

for R — oo (due to the powers of Rin the denominator) and therefore

Rlim m(R exp(jyr)) = 1 and its argument increment approaches zero
— 00

for R — co. Hence the whole argument increment of M(R exp(ji/))
along Cis given by (38) and for R — o it is 37. If there are just three
M zeros P1,2,3 inside the considered region the argument incre-
ment along L has to be given by the difference 6 — 37 =3, if L is
oriented downwards as in Fig. 8. Finally, with respect to the sym-
metry, if for practical purposes the original interval ge (R cos y, — R
cos y) is replaced by only its positive half, oriented upwards, < (0,
R cos y) the required argument increment is of half value and of
opposite sign, i.e.

lim Aargh(—£®;, + jo) = 37 (39)
(p%& 2
asin(36).m

The application of this criterion is as follows. For « and & in
P1.2.3 a value of £> 8« is chosen, and M(—£®; + jg) is computed
for ¢ growing from zero to some ¢, » @y. In principle, the starting
real value of M(—£&®y) for ¢ =0 may happen to be both negative
and positive for various types and orders of M(3). Nevertheless for
each of the third-order M(5) investigated here this value is negative
M(—&®,)<0.The argument increment is evaluated in an analogous
way as in the Mikhaylov criterion application. If the M(—£®;, + jo)
contour winds up by —37/2 in the clockwise direction for ¢— oo
the dominance of p; 3 3 is verified while otherwise it is lost. The
ratio £> 8k is optional, the higher & for which the condition (36)
is still satisfied, the stronger the dominance of p; » 3. The highest
value of & =&, for which the condition (36) is still fulfilled is a mea-
sure of the distance between the dominant p; ;3 and the rest of
the spectrum, i.e. the degree of dominance. Therefore ratio &, /(k8)
is further referred to as dominance index.
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In order to prevent the assessment of pg, pp, o; from a loss of
dominance it is advisable to follow each application of (22)-(24)
by a test on the argument increment. An example of evaluating the
argument increment of M(—£®), + jo) is in Fig. 13a. The dominance
index values of the placed poles for all the considered plants are in
Fig. 12.

6. Selecting the root and damping ratios to guarantee the
dominance

In Section 4 the control parameters pg, pp, p; were assessed
as if the ratios «, 6 were kept on given constant values and only
A, U were considered variables. In this section the objective is to
select the most fitting values of k, 6 ratios from the point of view of
D1,2,3 dominance. These ratios are to be selected carefully because
their unsuitable values can completely spoil the pole assignment
result due to the loss of p; » 3 dominance. Typically, for instance, the
growth of k beyond a limit unavoidably leads to some undesirable
poles arising between p; » and p3 or even in the rightmost position.
Also exceedingly high values of the damping ratio, § > 0.5, lead to
the loss of p1 3 3 dominance. Such a kind of failure is detectable by
the test on argument increment (36).

In the following we consider the disturbance rejection as the eval-
uated performance property of the investigated control loop. After
adding the disturbance term K;agd(t — 7) into plant Eq. (1) the cor-
responding modification of the dimensionless plant Eq. (11) is of
the form

Py(E) | 5 dy(D)
dr2 dt
A>0, 9>0, K,

+ A2y(t) = KA92u(t — 1) + K 92d(f — 1),

K;#0 (40)

where K4, d are dimensionless again and the time delay is
supposed the same for both u and d. Then after introducing the
dimensionless parameters as in Section 2, for the case ag >0, the
transfer function of the loop for d is as follows

K4S exp(-S5)

34135243 ) 0035 52 (41)
§3 + 5552 +5+exp(=S)[poS + ppS? + pi1]

Cam(3) = —
ez
so that its spectrum of poles is infinite. Let the performance of the

disturbance rejection be evaluated by the absolute error integral
value (IAE)

Ipg = / |€d(f){ dt (42)
0

where e,4(t) is the control error further considered as brought about
by a step change of d(t). The convergence of the improper integral
(42) results from the integration action of the controller.

There are two ways the varying « and § influence the IAE value.
Primarily these ratios affect just the modes appropriate to the
placed poles p1, P2, P3, i.e. exp(—«8Pyt), exp(—8P,t)cos Pt and
exp(—3®,t)sin @, t, but besides the «, § values also influence the
positions of other poles and their contribution to the control loop
response and in this way they may possibly deteriorate the domi-
nant position of py, p,, p3. The following auxiliary transfer function
is introduced for the sake of distinguishing these two impacts of «,
8.

Proposition 1. Consider the disturbance transfer function (41) as
a result of assigning the poles p1, p2, p3 in PID control loop on the
plant (11) with given X, 9. Suppose that for this case various settings
of k, 8 with corresponding pg, pp, pi given by (22)-(24) are tried and
tested by the criterion (42). For each of these options of (41) the poles
D1, D2, D3 are assessed and the following auxiliary transfer function

A=0.1,9=3, & = 1.3479

Fig. 9. gy and Iap4 criteria of transfer functions (41) and (43) for a non-oscillating
case of (11).

KyS(—p1P2p3) exp(-$)
(§=pP1)S = p2)5 - Pp3)or
then represents a virtual control loop with only the three pre-
scribed poles pq, Py, 3. Both the functions (41) and Gy,(5) have
in common not only the prescribed poles and the dead time t
but, primarily, their step responses ey, and ey for Ggy(s) and
Gga(3), respectively, have equal values of the following integrals
Jo eam(Ddt = [ eqa(E)dt = Ky/ 1. As (43) represents a pattern of
a function with only three poles pq, p2, p3 the difference between
the I4¢ integrals for both ey, (t) and eg4(t)

Gaa(3) = (43)

Algg = / [|edM(t)‘ - |€dA(f)|]df == laem — laga (44)
0

provides a quantity evaluating the influence of the rest of the spec-
trum beyond the prescribed pq, p2, p3 on the control loop response.
The smaller the Al4g value the stronger the dominance of p1, pa, p3,
and vice versa.

Proof. Apparently the auxiliary Gg(3) function has been con-
structed to fulfil the equality of its IAE integral with that of the
“true” Gau(3) : [, eau(D)dt = [J* eqa(t)dt = Kq/ pi (these integrals
have no purpose in the response evaluation). Both the transfer func-
tions result from identical prescription of py, p2, p3 so that both
their responses contain the modes having originated from these
poles. By evaluating and comparing both the IAE integrals for vari-
ousvaluesofk, §inpq 3 prescription one can follow the influence of
k, 8 on the response in Figs. 9 and 10. While integral (42) is strongly
dependent on « and §, the same integral for the auxiliary model
(43) varies very weakly with «, 8. Two examples of the dependence
of both the integrals Iygy = fooo |edM(f)‘ dtand Ipps = fooo |edA(f)| dt
on k and § are plotted in Figs. 9 and 10. For a relatively small set of
k and 8 both these integrals are very close to each other so that for
these options of p; » 3 their dominance is very strong and therefore
the undesirable poles and modes have a negligible influence on the
control loop response. On the contrary, for growing « and § the dif-
ference Al4r increases considerably and its growing value cannot
originate in nothing else but in the undesirable influence of the rest of
the spectrum beyond the prescribed p1, p2, p3.1

In comparing the models (41) and (43) the difference Alag
increases with the growing deficiency or even a loss of p1, P2, P3
dominance and its value can be used as an indicator of the degree
of the dominance. The difference Alxg is evaluated as a criterion for
selecting the proper values of x and § for various options of A and
¥ considered as fixed during each selection of optimum & and §é.
Unlike the dominance index &, /(k8) from Section 5 the Al,g assess-
ment provides a possibility to select the proper values of the ratios
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A=1,9=3,% = 21602

12 7003

Fig. 10. Iagy and Ixg4 criteria of transfer functions (41) and (43) for an oscillating
case of (11).

k and § via finding the Alsr minimum. Only those «, § which result
in a minimum value of Alg, can be considered as the acceptable
root and damping ratios for the dominant pole placement.

The graphs of Iy and Ixgs criteria for two samples of plants
with A=0.1, ¥ =3 (aperiodic) and A =1, ¥=3 (oscillating) are in
Figs. 9 and 10, respectively. The dependence on «, § is mapped for
the ranges 8¢ (0.25, 0.65), x € (1.0, 2.5). The upper graphs repre-
sent the true I4gy and the lower ones the auxiliary integral I4gs. At
aglance we notice that for almost the same pairs of «, § both the sur-
faces Iy and I4ps coincide with each other approximately and in
this way indicate the best dominance of py, p,, p3. The coincidence
of the graphs also proves true the assumption that model (43) really
can fit the meromorphic one (41). Unlike the true I4gy the auxiliary
integral I4g4 is very weakly dependent on both the ratios «, 4, it
varies only less than ten per cent throughout their whole ranges. In
contrast, the true integral I4g), corresponding to the meromorphic
transfer function (41) increases steeply as soon as higher values of
§ are taken and this increase is the higher the higher « is chosen.

So far the criterion Al4r was applied without a regard to the
argument criterion (36). Particularly as to the root ratio « this con-
ditionis toberegarded too. Aswe seeinFigs.9 and 10, the difference
Al in its minimum values practically does not change within the
interval ke (1.3, 2), but in spite of this the values x> 1.5 are not
admissible for the pole placement. It is because at least one pole
arises between p1 » and p3 in this case and the dominance index con-
dition (36) is not satisfied any more. For this reason a compromise
option of about k = 1.3 is to be recommended for ps3.

The mappings of I4gy and I4ga like those in Figs. 9 and 10 were
performed for a set of about 50 various pairs of similarity numbers
X and ¥. The most important finding from all these investigations
is the following: Although the shapes of the IAE criterion graphs
differ from each other to some extent, the position of the mini-
mum difference Alsg varies very slightly for various N and 9. For
the damping ratio § this important finding is illustrated in Fig. 11
where the § optimum values for the considered region of A and ¥
are plotted. In spite of largely different plants represented by the
considered area of A and ¢ the optimum values of § are within a
narrow interval 8¢ (0.3, 0.45). For any PID controller by means of
(22)-(24) we can pick up the optimum & for prescribing p; 2 3 asin
(21) for the considered plant parameters A and © from Fig. 11. On
the other hand, if we compare Fig. 11 with Figs. 9 and 10 we notice
that near the optimum the difference Al is very little sensitive to
small changes of «, § so that the dominance turns out to be robust.
If we recall Fig. 2 through 7 where the ratios §=0.35 and x=1.3
were fixed we find out that the obtained settings for all the plants

opt

o ofofPofo
- Mmmmhmm

S o
o

i S
05 1/40-1

1.5
3 A

Fig. 11. Optimum values of damping ratio ¢ for the whole range of A and 9.

appropriate to the displayed A and ¥ represent a quasi-optimum
controller setting in fact.

Remark. Although the graphs in Figs. 9 and 10 are displayed for
the whole range of A and ¢} any use of model (43) instead of (41)
is admissible only near the optimum «, § where the dominance
is proved. For «, § values beyond the optimum spot function (43)
becomes meaningless as a model of the control loop in fact. Note
that the rightmost part of the M(5) spectrum may also be assessed
using the algorithm presented in [18].

We already learned that the criterion of Al,g is not to be used
as a single point of view. Hence for a definite proof of the proposed
K, § setting for the whole range of considered plants the dominance
index £m,/(kd) has been evaluated. The plot of its values is in Fig. 12
from where it is apparent that the dominance index of pj 3 is
higher than 1.2 all over the whole range of A and ¢ when k=1.3
and § optimum from Fig. 11 is used for controller setting according
to (22)-(24).

7. Application example of the pole placement and
controller setting

To demonstrate the presented approach to dominant pole place-
ment consider a plant given by the original equation

2
dd{gt) + @% +¥(0) = 0.5u(t — /3) @

Fig. 12. Dominance index &,/(k3) values for various types of plants.
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Fig. 13. (a) Argument increment checking the dominance of placed poles for (47), (b) the right-most part of spectrum of (47).

The similarity numbers of this plant are as follows A=1/3, 9 =3,

K=0.5, and the dimensionless plant equation is as follows
. -

% 3% +3y(t) = 1.5u(t - 1) (46)
where t = t/+/3. The ultimate angle @y is obtained as the root of
(17) which for this case has the value &, =1.63635. (The ultimate
frequency of the plant is wy =0.9447 s~1.) Using &, as the imag-
inary part of the prescribed roots and the above recommended
values of the root and damping ratios k = 1.3, § = 0.35, respectively,
the following dominant pole selection results: p; ; = —0.5727 +
j1.6364 and p3 = —0.7445. Applying formulae (22)-(24) the follow-
ing generalized control loop parameters are obtained pg=0.8726,
pp=0.3489 and p; =0.6118. The generalized quasi-polynomial (20)
resulting from these parameters is as follows

M(5) =353 + 352 + 35 4+ 3 exp(—5)[0.87265 + 0.348952 + 0.6118]
(47)

The spectrum of this quasi-polynomial is infinite and the pre-
scribed py 3 is the dominant group of this spectrum. The rightmost
pole of the rest of the spectrum is real ps = —1.478 with the
position twice as far from the Im axis than p3 and then the spec-
trum continues by an infinite chain of M(3) zeros beginning with

0.8

——model (41)
—-—-=--model (43)
0.6 : 1

0.4
h

02 5 10 15

tit

Fig. 14. The step responses of control loop for the setting (49) in model (41) or in
the auxiliary (43).

Ps.6 = —2.01+j1.64, over, e.g. P35 36 = —4.52 £j95.78, and so on,
Fig. 13b [18]. The contribution of the whole rest of poles to the
control loop behaviour is completely negligible. The condition (36)
for the M(5) zeros P1,2,3 was also applied and the obtained contour
M(—£®;, + jo) for the interval @e (0, 109, ) with £=1.9 x5=0.865
is in Fig. 13a. The dominance index &y, /(k8)=1.9 confirms that the
rightmost root of the rest of the spectrum has almost double
distance from the imaginary axis than p3 so that the obtained dom-
inance is very strong as can be seen from Fig. 13b. For drawing the
contour in this graph instead of M(3) the following modification
was applied

Mp3) = — ) 5 gy o (48)

1+ |M@)|

which does not change the argM(3) but reduces the module,
IMp(3)| < IM(3)|[19]. The obtained control loop similarity numbers
00, P, p1 correspond to the following final controller setting values

_Po_ _ Pt _ b
o= = 1.745, rmnp= = 1.209, = KT = 0.707 (49)
So the prescribed p; > 3 determine the response of the loop with

a negligible influence of the rest of the spectrum, Fig. 14.
8. Conclusions

The PID controllers still remain the most widely applied in
the industry and the dominant pole placement in their tuning
attract the research attention even though various specific con-
troller schemes have been developed for the time delay systems,
e.g. [20]. The original aim of this paper was to guarantee the dom-
inance in the pole assignment. But the primary concern turns out
to be in the matter of dimensionless treatment of the control loop
dynamics where it is just as beneficial as it was proved in the tra-
ditional branches of science like hydrodynamics, thermodynamics,
etc. The presented dimensionless investigation of the pole place-
ment in the delayed PID control loop revealed the substance of
the relationship between the specification of the prescribed poles
D1,2,3 and the possibility really to achieve their dominant position.
The presented formulae (22)-(24) with regard to the relationship
(17) prove that the control parameters pg, pp, p; can be considered
as dependent only on four primary variables, namely two plant
parameters swingability A and laggardness 1 and two ratios « and
¢ of the prescribed pole specification. Hence the ultimate angle &,
is not included in this group because of its dependence on A, .
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However, from Section 6 we learned that the optimum dominance
of p1,2,3 is obtained if the root and damping ratios « and § are set as
follows, k =1.34+0.1 and § = 0.35 £ 0.05, respectively, more details
on § setting are specified in Fig. 11. Just the results of Section 6 help
arrive at the conclusion that in fact, the PID setting according to
(22)-(24) can be considered as uniform, i.e. that pg, pp, p; can be
joined only with the given specification of the plant by A and ¢ just
as they are already displayed in Fig. 2 through 7. In fact the root and
damping ratios k and § respectively may be kept constant, namely
k=13 and §=0.35. As it follows from Figs. 9 and 10 this fixation is
acceptable because both the displayed criteria are fairly insensitive
to small deviations of x and 4 in the vicinity of these values. In other
words the choice of p; ;3 connected with the ultimate angle @,
makes the control loop performance only very weakly dependent
on « and §, as long as the dominance of p; » 3 is kept sufficient.

Hy(3) =

1 dyy(D | 1 dyd)
AD2 dt? AD dt
and suppose integrations (50) to be performed in the Laplace trans-
form corresponding to t, i.e. in the complex variable s = st. Let the
dimensionless step response be h(f) and its transform h(t) — H(3)

y(£) = Ku(t - 1) (52)

- Kexp(—s

) = — (exp(=s) — (53)

5(32(A02) 4+5(A0) +1)

with the limit f — oo as h(co) = 1irr(1)§1:1(§) = K. The Laplace trans-
S—

forms of integrals (50) of h(t) are as follows (from divisions by 3)

©Qi| =

Two novel tools for investigating the pole dominance are devel-
oped in the paper. First the argument increment criterion (36) or
the dominance index are to prove the distinctly rightmost position
of the placed poles p1 3. Another aspect of the dominance degree
is introduced by applying the auxiliary finite spectrum model (43)
to estimate the contribution of undesirable poles different from
the prescribed p; > 3 to the control loop response by means of the
absolute difference Alyg. Just this approach was decisive in clari-
fying the mechanism of the dominance decay due to an improper
prescription of p1 2 3.
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Appendix. Identification of the dimensionless parameters

Model (11) has been chosen for describing the plant properties
for the purpose of the PID controller adjustment. In this Appendix
an additional relationship between the A, ¥ parameters and the
integrals of the step response h(t) are presented to outline the abil-
ity of model (11) to be identified with a process given by its h(f).
The following Lemma holds for this identification.

Lemma 3. Suppose that a stable SISO time delay process (1) with
ap >0, a; >0, bg>0, T>0 is given by its unit-step response h(t), i.e. in
scaling where h is dimensionless and time is replaced by t = t/t. For
the dimensionless model (11) we have to find such parameters K, A, ¥
that make h(oo) and the values of the following improper integrals

h:(f)=/[h(oo)—h(f)]df and hu(f)=/[h1(0<>)—hz(f)]df (50)
0 0

the same for h(t) and for the model. The model parameters satisfy-
ing this condition are as follows

St S12
2 s A= 2
S17+51 -5 S19+51 -5
where S; = hy(00)/h(c0) —1 and S, = hyy(co)/h(00) —0.5.

K =h(), U= (51)

Proof. Consider model (11) multiplied by (MV)_], i.e.

_ _ _3 S0) ! 43200 92) !
H{(g):% [1((1 e_x?( s))t{((s(_)n?) 71+s (192) } (54)
5(2(A02) +5(00) +1)
sk (1+00)7) (143007 +82007) ) <k (1= 430077 + 2007
(55)

52 (1 +50.0)! +§2(M92)_1>

Finding the limits hj(c0) = 1irr&§FI,(§) and hj(c0) = lirr(;§l:11,(§) we
S— S—
obtain
hy(o0) = 1ir%§F1,(§) = h(co)(1+(A9)™ 1) (56)
S—
1ir1(1)§1:11,(§) =K[0.5+ (A)"! + (A1) 2 — A7 1972] = hy(0) (57)
5—

From the limits (56) and (57) we obtain the set of equations

1 (o)
W hee) LT
1 1 1 _ h"(OO) 1 (58)

0w w2 ) 22

and the solution of this set is identical with (51)m.
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